We have developed a concept of the traveling-wave parametric amplifier driven by external magnetic flux. The circuit consists of a serial array of symmetric dc SQUIDs coupled inductively to a separate superconducting LC-transmission line carrying the pump flux-wave. The adjusted phase velocity of the pump wave of frequency ωp ensures efficient three-wave mixing with the signal (ωs) and the idler (ωi) waves, ωs + ωi = ωp, so the phase matching condition for corresponding wave vectors, ks + ki = kp, can be fulfilled in this circuit with sufficiently high accuracy. This property enables exponentially rising gain, log G ∝ N (N is the number of cells in the array) and wide bandwidth about ∆ω ≈ 0.5ωp. The experimental parameters and characteristics of this amplifier have been evaluated and shown great promise for application in the quantum information circuits.
The Josephson parametric amplifiers (JPA) belong to the class of the most useful tools in the toolbox of quantum technologies (see, e.g., [1] [2] [3] ). However, the quantum-limited performance of these remarkable devices is often combined with rather limited bandwidth and small saturation power. The limitation of the bandwidth is primarily due to an amplifier cavity which otherwise enhances parametric interaction of the signal and the pump and, therefore, ensures large gain. By this reason, the JPAs operating on traveling microwaves, i.e. without cavity, are free from the gain-bandwidth tradeoff and, therefore, are extensively explored in the last five years [4] [5] [6] [7] [8] [9] [10] [11] . Moreover, the lack of cavity enables in these amplifiers a larger dynamic range.
The traveling-wave JPA (TWJPA) generally have an architecture of a microwave transmission line made of periodically repeated sections including either single Josephson junctions [4] [5] [6] [7] , or various types of SQUIDs [8] [9] [10] [11] . Most of these amplifiers operate in the four-wave mixing mode, i.e. when ω s + ω i = 2ω p , where ω s , ω i , and ω p are the signal, idler and pump frequencies, respectively. This mode is possible due to the natural Kerrlike nonlinearity of the Josephson inductance L J . This inductance has quadratic dependence on the current I, i.e. L J (I) = 1 + 0.5I 2 /I 2 c L J0 , where L J0 = ϕ 0 /I c is the linear (small-signal) inductance, ϕ 0 =h/2e is the reduced flux quantum, and I c is the critical current.
Recently, we have proposed the concept of the TWJPA with three-wave mixing [9] . In this amplifier the frequencies obey the relation ω s + ω i = ω p and performance is based on the non-centrosymmetric nonlinearity of type L J (I) = (1 + βI/I c ) L J0 , which can be engineered with the help of the flux-biased non-hysteretic rf-SQUID [9] (or, alternatively, using the asymmetric SQUID having a Josephson kinetic inductance in one branch [10, 12] ).
The most challenging task in designing the TWJPA is realization of the spatial phase matching, i.e. the strict relation between the wave vectors. Compared to the TWJPA with four-wave mixing the three-wave counterparts are free from the self-and the cross-modulation effects, i.e. the corresponding wave vectors k s , k i and k p do not depend on the pump power P p , which otherwise may cause significant phase mismatch, ∆k = 2k p − k s − k i = 0 [13] . Therefore, in the three-wave mixing amplifier the phase mismatch is inherently small, ∆k = k p −k s −k i ≈ 0, and the exponential signal gain (i.e., log G ∝ N , where N is the number of cells in the line) can, in principle, be achieved in a wide frequency range without applying complicated dispersion engineering [6, 7] .
The mentioned above TWJPAs are based on the nonlinearity of the Josephson inductance which timevariation is activated by the intensive pump wave. This is exactly the principle of operation of the optical-fiber traveling-wave parametric amplifier [13] . Unfortunately, in the Josephson parametric amplifiers the input pump power is limited by the critical current of the junctions, P p ∝ |I p | < I c , and, moreover, this power is progressively depleted due to conversion into the signal P s and the idler P i powers. This sets a limitation on the length and, therefore, on the gain of TWJPA. Moreover, the pump depletion reduces the compression point and, hence, limits the dynamic range of the TWJPA [5, 14] . Finally, the Josephson nonlinearity may cause unwanted leak of the pump power to the higher harmonics.
In this paper, we propose a novel concept of the TWJPA in which these problems can be substantially mitigated. Our TWJPA exploits the principle of straightforward time-modulation of the linear Josephson inductance L J0 by external ac drive. This principle was realized earlier in the cavity-based JPA with direct modulation of the flux through the dc SQUID which played the role of a flux-dependent inductor [15] . However, the specific of the traveling-wave case is the necessity of spatial matching of the pump phases in the individual cells of the SQUID transmission line. Below we will show that this is possible with the help of a separate pump transmission line enabling due to inductive coupling to the signal line the necessary flux drive in the traveling-wave fashion.
The electric diagram of our superconducting microwave circuit is shown in Fig. 1 . The circuit consists of two inductively-coupled ladder-type transmission lines, i.e. the signal line and the pump line. The cells of the signal line include symmetric dc SQUIDs (I c1 = I c2 = I 0 ) with small geometrical inductances of the loops. In this case, the effective critical current I c = 2I 0 | cos(Φ/2ϕ 0 )| and corresponding linear inductance of each SQUID,
can be efficiently controlled by magnetic flux Φ = Φ dc + Φ ac . These SQUIDs are interleaved with identical ground capacitances C (Fig. 1b) . The pump transmission line consists of LC sections with inductances L ′ and ground capacitances C ′ , respectively, and its impedance Z 0 = L ′ /C ′ ≈ 50 Ω. The mutual inductances between SQUIDs and inductances L ′ are equal to M = κL ′ , where κ ≪ 1, and enable ac flux drive in the SQUIDs.
The flux offset Φ dc is fixed by external static field such that the SQUID critical currents I c ∼ I 0 and the SQUID inductance L J0 (Φ dc ) ∼ L 0 ≡ ϕ 0 /I 0 . Then the ac component of the flux Φ ac produces sufficiently large modulation of the inductance, i.e. 0 < L −1
0 . Therefore, the efficient three-wave mixing is in principle possible in such SQUID without exploiting nonlinear properties of its inductance. Fine "tuning" of the flux Φ dc and, therefore, the SQUID inductance L J0 , allows adjustment of the cutoff frequencies ω 0 and ω ′ 0 in two lines,
This relation ensures equality of the phase velocities of the low-frequency waves in the signal line v s = aω 0 and in the pump line v p = aω ′ 0 , respectively, where a is the size of the cells in each transmission line and, therefore, allows optimal phase matching, ∆k
Generally, the dynamics of the electric circuit Fig. 1a is described by the sets of coupled equations for the values of fluxes F n on the nodes of the pump line and fluxes Φ n on the nodes of the signal line (see Fig. 1b ). These equations are derived in the Supplementary Information. In the case of sufficiently small coupling, κ = M/L ′ ≪ 1, and sufficiently large power P p , the pump remains undepleted and presents a traveling flux-wave with the constant amplitude A p0 ∝ P p . Then the equations for these two transmission lines decouple. Eventually, the equation of motion for the signal line in the continuum limit (valid for ω ≪ ω 0 , ω J ) reads
Here x is the dimensionless coordinate normalized on the cell size a and the continuous flux variable Φ(x, t) coincides with flux values Φ n on the nodes x = n. Frequency
is the plasma frequency of the SQUID having total capacitance C J = C J1 + C J2 (see Fig. 1b ). The wave vectors of the pump k p and the signal k s (idler k i ) obey the following dispersion relations (see Supplementary Information)
respectively. The latter dispersion relation includes the term ω 2 /2ω 2 J which stems from the Josephson plasma resonance in the SQUID [9] . The term ω 2 /24ω 2 0 entering both relations is the consequence of the fact that the transmission lines are made of lumped elements [16] .
The dimensionless coefficient m entering Eq. (3),
determines the strength of coupling of the signal (idler) wave and the pump wave and, therefore, the depth of the inductance modulation. The product A p0 k p is equal to
The specifics of our wave equation is the fourth term on the right-hand-side of formula (3). This term stems from the time-dependent distributed inductance L(x, t), varied in the wave manner,
and enabling parametric amplification. The solution of Eq. (3) describing two waves is found using the coupledmode equations method [13] in the form
where A s,i (x) are slowly varying complex amplitudes of the signal and idler waves, i.e.
After substituting Eq. (8) into Eq. (3), corresponding equations for A s and A i take the form
where the phase mismatch ∆k = k p − k s − k i , resulting from dispersion relations (4) and (5), is
Note that the SQUIDs operate in the linear regime,
J is free of self-and cross-modulation contributions ∝ |A p | 2 (cf. Refs. [6, 7, 9] ). For a zero initial idler A i (0) = 0, but a nonzero initial signal A s (0) = A s0 e iχ0 , corresponding to the input current amplitude I s0 = k s A s0 = (ω s /ω 0 )A s0 , the solution of the set of equations (10) and (11) reads
where the exponential gain factor is
and δ is the dimensionless detuning,
The maximum gain factor g achievable for ∆k = 0 at δ = 0, i.e. at ω s = ω i = 0.5ω p , is
The power gain G and its degradation due to imperfect phase matching ∆k = 0 is, therefore, given by formula
For zero phase mismatch, ∆k = 0, formulas (15) and (18) yield the maximum gain,
giving an exponential growth of G 0 with the length of the line N and the frequency dependence of log G 0 (ω s ) having typical semi-circle shape y(1 − y), where y = ω s /ω p [17, 18] . This shape yields the 3 dB bandwidth of about 0.47ω p centered at ω s = 0.5ω p (see, e.g., Ref. [9] ). It is not, of course, possible to realize the zero phase mismatch ∆k in the entire frequency range, 0 < ω s < ω p . However, rewriting Eq. (12) in the form
and visualizing it in Fig. 2 one can see that the optimal phase matching in the full frequency range, |∆k| ≤ (ω p /ω 0 ) 3 /40, can be achieved for the Josephson plasma frequency ω J /ω 0 = √ 20 ≈ 4.47 (solid red curve in Fig. 2 ). For somewhat lower value ω J /ω 0 = 2, the best phase matching is achieved around the degeneracy point ω s ≈ ω i ≈ 0.5ω p (dashed blue line in Fig. 2) .
Even in the unfavorable case of relatively low ω J = ω 0 (shown in Fig. 2 by the green dash-dot line) the maximum phase mismatch, |∆k| max ≤ 0.5(ω p /ω 0 ) 3 , is still very small. Taking the pump frequency ω p = 0.1ω 0 , we evaluate the critical length of the line at which the phase mismatch approaches π,
However, another estimation shows that the length N G sufficient for obtaining reasonable gain of, say 20 dB, is much shorter, i.e. the effect of phase mismatch is negligibly small. For this estimate we assumed that the modulation parameter m equals 0.2, so g 0 = 0.25mω p /ω 0 = 0.005. Then the length N G can be found from Eq. (19), i.e.
Finally, let us make several comments concerning practical realization of the proposed TWJPA. Taking as the target values the pump ω p and the cutoff ω 0 frequencies, say, 10 GHz and 100 GHz, respectively, and the standard impedance Z 0 = 50 Ω for both the pump and the signal lines, we obtain the following parameters,
and
For the optimal working point Φ dc /2ϕ 0 ∼ π/3 yielding ca. 50% suppression of the maximum critical current of the SQUIDs, the Josephson inductance (24) should correspond to the critical current of a single junction, hence, I 0 = ϕ 0 /L J0 ≈ 4 µA. Such Josephson junctions can be fabricated using either the multilayer Niobium (see, e.g., Ref. [19] and the review [20] ) or the shadow-evaporation Aluminum [21] technologies. Typical Josephson plasma frequency of a bare Josephson junction with the decent critical current density j c = 0.02 mA/µm 2 and the barrier capacitance about 50 fF/µm [22] is about 180 GHz, so the plasma frequency of the SQUID with partially suppressed critical current is about 120 GHz. This value is somewhat larger than the cutoff frequency ω 0 = 100 GHz (see Fig. 2 ). The phase mismatch due to inhomogeneity of the SQUID array should also be sufficiently small (see corresponding estimation in Supplementary Information).
The reasonably large value of the modulation parameter m = 0.2 can be achieved by both engineering of sufficient coupling κ = M/L ′ on the order of 0.1 and applying sufficiently large pump power P p . According to formula (6) the necessary pump power in this case is
where we took into account the value sin(Φ dc /2ϕ 0 ) = sin(π/3) = √ 3/2. This level of the power (it is not dissipated on chip, but only partially converted into the signal and the idler) is seemingly acceptable for experimental setups with state-of-the-art dilution refrigerators.
The most remarkable feature of the proposed amplifier is, practically, the absence of the pump depletion. Therefore, the amplifier saturation is only determined by the SQUID nonlinearity, L J (I) = (1 + 0.5I 2 /I 2 0 )L J0 , and, therefore, the relation between the output signal (idler) amplitude, |I s,i | = k s,i |A s,i |/L J0 , and the critical current I 0 . The dominating mechanism causing reduction of the output power P out s = |A s | 2 ω 2 s /2Z 0 and, hence, saturation of the gain is related to the increase of the effective line impedance. Assuming for the sake of simplicity that ω s ≈ ω i and |A s | ≈ |A i |, i.e. |I s | 2 ≈ |I i | 2 ≈ 0.5I 2 , we have the estimate:
and, therefore,
cf. with the expression G ≈ G 0 (1 − 2|I s0 | 2 /I 2 0 ) given in Ref. [5, 14] for the Kerr-nonlinearity based amplifiers. Formula (27) yields the 1-dB reduction of the 20-dB gain for the ratio |I s |/I 0 approaching approximately 0.068 (cf. with the value 0.034 given in Ref. [5] ). In our example of experimental parameters with I 0 ≈ 4 µA the corresponding gain-compression point is P c = −88 dBm. This value is about 6 dB larger than that achievable in the conventional traveling-wave JPAs with similar electric parameters, but operating on the Josephson nonlinearity [4-9, 11]. The reason of this notable improvement is, firstly, the absence of the power depletion (note, that output power is P out = P out s + P out i = −65 dBm ≪ P p ), so the power-saturation is only related to large signal, but not to both the signal and the pump.
In conclusion, we have developed a new concept of a broadband TWJPA with large dynamic range. The amplifier is free of the effect of pump depletion and, due to the linear regime of operation, ensures minimal distorsions of the signal [23] . In combination with excellent phase matching these properties allow designing the amplifiers with larger number of the elementary cells N and, therefore, appreciably larger gain, say, about 40 dB. Alternatively, one can cascade several stages of such amplifiers which share the large pump transmitted over a common separate line. On demand, the sufficiently large output signal can be achieved by using the Josephson junctions with larger critical currents and, therefore, a weaker nonlinearity. In this case, the need in a cold HEMT preamplifier, usually unavoidable in the highfidelity measurements, is eliminated. The latter feature may be especially useful in the quantum information processing and, in particular, in the quantum interference experiments with single microwave photons.
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SUPPLEMENTARY INFORMATION Lagrangian
Our circuit consists of the linear LC-transmission pump line formed by N identical elements L ′ and C ′ and the signal transmission line formed by the identical ground capacitances C and the identical symmetric twojunction SQUIDs with equal critical currents of the junctions I c1 = I c2 = I 0 (see Fig. 1b in the main text) . We assume that the geometrical inductance of the SQUIDs branches is much smaller than the Josephson inductance of the individual junctions (L J0 = ϕ 0 /I 0 ) and, therefore, will be omitted. Such SQUID is equivalent to a single junction with flux-dependent critical current (see, e.g. Ref.
[S1]),
and, therefore, flux-dependent potential energy,
where E J0 = ϕ 0 I 0 , Φ e = Φ dc + Φ ac is the magnetic flux applied to the SQUID loop and ϕ is the phase difference on the SQUID. The kinetic energy of each SQUID is associated with the charging energies of two junctions having nominally equal capacitances C J1 = C J2 = 0.5C J , i.e.
where V is the voltage on the SQUID having total capacitance C J (see equivalent electric circuit in Fig. 1c) .
To derive the equations of motion of our electric circuit having large number of variables, we apply the Lagrangian mechanics (see similar approach, e.g., in Ref. [S2] ) and start with constructing Lagrangian L describing the entire circuit,
Here L p and L s are the Lagrangians of the pump line and the signal line, respectively. In terms of the flux variables associated with the node values F n and Φ n for the pump and signal lines, respectively, these Lagrangians read (see, e.g., the Lagrangian approach to the traveling wave parametric amplifier with the Kerr nonlinearity in Ref.
[S3])
Here the time derivativesḞ n andΦ n equal to the voltages on the n-nodes of the pump and the signal transmission lines, respectively. The dimensionless coefficient κ = M/L ′ is proportional to the mutual inductance M of the counterpart cells of two lines. The phase difference on the n-th SQUID is expressed in terms of magnetic fluxes on the corresponding nodes, i.e. ϕ n = (Φ n+1 − Φ n )/ϕ 0 .
Equation of motion

Pump transmission line
In the case of sufficiently large input pump power, P
is the output signal (idler) power, the backaction of the signal line on the pump line can be neglected and the pump remains undepleted, P
. Then the equation of motion for fluxes F n can be obtained from the Euler-Lagrange equation
So, this equation reads
where The set of coupled differential equations given by (S8) for the series of integer n is the discrete analog of the partial differential equation describing plane waves. It is easy to verify that for sufficiently small frequency ω p ≪ ω 0 , i.e. when the wavelength is larger than the size of elementary cell, λ p ≫ a, the solution describing the wave traveling, for example, in the right direction has the shape:
Here k p is the wave vector normalized on the reverse size of the cell a −1 and χ p is an initial phase. Substituting (S9) into Eq. (S8) yields
or, equivalently,
This equation determines the dispersion relation of the transmission line (see, e.g. Ref.
[S4])
which in our case of small k p ≪ 1 yields
which corresponds to the standard positive dispersion, d 2 k/dω 2 > 0. Without the loss of generality we fix the pump phase χ p in Eq. (S9) in such a way that the pump wave has the form
where amplitude A p0 is real and positive. In this case, current I
(n) p flowing through inductance L ′ in the n-th cell equals
and the flux induced in the n-th cell of the signal transmission line (entering Eq. (S6)) is
i.e. presents the traveling wave ensuring necessary timevariation of the SQUID critical current and, therefore, the SQUID inductance.
Signal transmission line
Substituting expression (S16) into Eq. (S6) we obtain in the adiabatic approximation the equations of motion for the fluxes Φ n in the signal line,
or
Here the critical current of the n-th SQUID is
where I c0 is determined by the constant flux Φ dc , i.e.
whereas small positive parameter m ≪ 1 is found by linearizing Eq. (S1),
where the dc flux bias is in the range −πϕ 0 < Φ dc < πϕ 0 . Assuming that the phases on the SQUIDs are small, i.e. |ϕ n | ≪ 1, we make the linear approximation sin ϕ n ≈ ϕ n and, therefore, replace the n-th SQUID by the timedependent linear inductance
where L J0 = ϕ 0 /I c0 . Substituting Eq. (S19) into Eq. (S18) we obtain
Here the cutoff frequency is ω 0 = √ L J0 C (equal to the cutoff frequency of the pump transmission line, √ L ′ C ′ ) and the Josephson plasma frequency ω J = √ L J0 C J . For sufficiently small frequencies, ω ≪ ω 0 , ω J , and absence of the pump (m = 0) a solution of Eq. (S23) has the form of the plane wave,
where k is the wave vector and χ is the phase. Substitution of this expression into Eq. (S23) yields
(S25) The corresponding dispersion equation
has the solution
which for the wave propagating in the right direction (k > 0) can be approximated as
In comparison to Eq. (S13) this dispersion relation includes the term ω 2 /2ω 2 J which stems from the Josephson plasma resonance in the SQUID.
Continuum approximation
In the case of small ω (and, therefore, large wavelength λ = 2π/k ≈ 2πω 0 /ω ≫ 1) the equation of motion (S18) can be presented in terms of partial derivatives of continuous variables (see, for example, Refs. [S3] and [S5] ).
We introduce the flux variable Φ(x, t) which values on the grid x = n with unity step coincide with Φ n (t),
Thus, variable x is a dimensionless coordinate, whereas the genuine coordinate variable is X = ax, where a is the cell size [S6] . The parameter-modulation function f n (t) = [1 + m sin(k p n − ω p t)] entering Eq. (S23) is now replaced by the continuous function
The finite differences can be expressed via partial derivatives of a continuous function according to the rules [S5] :
Then the set of the finite-difference equations (S18) takes the form of continuum-wave equation
including the wave-like variation of the reactive parameter of the line,
i.e. the distributed inductance L J (x, t). Because of approximation (S31)-(S32), the continuum-wave equation (S33) does not capture in k(ω) the term ω 2 /24ω 2 0 appearing in the dispersion relation (S28). However, in order to make the phase-matching analysis rigorous, we will use the accurate formulas (S13) and (S28).
Effect of the line inhomogeneity
In practical circuits, the distributed parameters can have somewhat irregular distribution over the length of the line. First of all, this concerns the Josephson inductance L J0 (x), which local value depends on critical current I 0 of corresponding SQUID. This critical current depends on the area of the junction, the local critical current density j c and the magnetic flux Φ dc which value, under assumption of the uniform magnetic field, depends on the size and shape of the SQUID loop. In fabrication, however, variations of these parameters can only be controlled over certain limits.
In our circuit, comprising the Josephson junctions with area of the order of 1 µm 2 , the parameter which is most prone to random variations is the critical current.
To model small variations of the critical current δI 0 (x) around its mean valueĪ 0 we add corresponding term to the equation of motion (S33), i.e., 
where A s,i (x) and ψ s,i (x) are slowly varying complex amplitudes and real phases of the signal and idler waves, respectively, i.e. Substituting expression (S37) into (S35) and keeping only essential terms for the signal and idler modes we obtain the couple-mode equations for the amplitudes and phases of the waves,
For the sake of transparency, we have assumed here a perfect matching of those parts of phases which have been related to the chromatic dispersion, i.e. ∆k = k p − k s − k i = 0. Equations (S39) and (S41) are solved explicitly, 
and yield the small random phase Ψ(x) in both Eqs. (S38) and (S40) for the slowly varying amplitudes,
This formula describes the diffusion of phase Ψ(x) (the Brownian motion process) [S8] and yields the statistical
